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ABSTRACT: We adapt the Gupta-Edwards theory of wormlike main-chain nematics to the case of finite- 
length polymers. The thermodynamic parameters of lyotropic and thermotropic phase transitions are 
obtained for arbitrary polymer lengths and we find that the crossover between long- and short-chain 
regimes takes place for polymers of relatively low chain length (shorter than the persistence length). 
We show that this is related to  the fact that in the nematic phase there are two qualitatively different 
length scales, which are analogous to the persistence length in the isotropic phase. One scale, (1, defines 
the contour length associated with independent fluctuations of chain segments about the nematic director 
and decreases with the nematic field. Another scale, 411, determines the correlation length of the 
longitudinal component of the tangent vector. This size is larger than (1 and increases exponentially 
with the strength of the nematic interaction. This allows one to identify an intermediate range of chain 
length t1 << L << (11, in which the isotropic-nematic phase transition is determined by the long-chain 
limit but the single-molecule conformation is practically a straight line. The implications of our results 
for the crystallization of short polymers, such as normal alkanes, are discussed. 

1. Introduction 

Molecules which form orientationally ordered meso- 
phases (liquid crystals) can be broadly classified into 
two categories, depending on the chemical structure of 
their microscopic costituents: rigid anisotropic mol- 
eculesl and high molecular weight semiflexible poly- 
mers2 (here we will be concerned only with main-chain 
nematics). On the theoretical side, there exists a 
rigorous theory due to Onsager3 of the isotropic- 
nematic transition in dilute solutions of long rigid-rod 
polymers (lyotropic nematics). More recently, the On- 
sager approach has been adapted to semiflexible poly- 
mers by Semenov and Khokh10v.~ A phenomenological 
mean-field description of small-molecule thermotropic 
nematics has been developed by Maier and Saupe4 and 
later generalized to the case of semiflexible polymers 
by Ronca and Yoon5 and by Gupta and Edwards.I 
Lattice models of nematic polymers were studied ex- 
tensively by Flory and co-workers.6 

While theories of short- and long-chain liquid crystals 
predict different thermodynamic parameters of the 
isotropic-nematic transition, it is usually found that, 
at least as far as thermotropic systems are concerned, 
the qualitative features of the transition are quite 
similar in the two cases and that essentially no new 
physics is introduced by connecting small anisotropic 
molecules into long polymer chains. However, when 
microscopic information about the structure of the 
mesophases became available through high-intensity 
X-ray scattering experiments, some new and exciting 
features were revealed. For example, it was found that 
chain molecules of intermediate molecular weight (e.g., 
normal alkanes with 10 < n < 100, where n is the 
number of monomers) have a large variety of rotator  
mesophases that lie between the liquid and the crystal- 
line phases, in which long-range positional and orien- 
tational ordering coexists with some degree of confor- 
mational disorder of the chain molecules.s It was also 
found that normal alkanes (and some other chain 
molecules in the above molecular weight range) exhibit 
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surface freezing and form a hexagonally ordered surface 
monolayer in which chains are stretched normal to the 
interface, and which coexists with a disordered bulk 
liquid phase over a temperature range that depends on 
the molecular weight of the  constituent^.^ 

It became clear that in order to make progress toward 
the understanding of the above phenomena, one has to 
develop a tractable statistical mechanical model of the 
thermotropic orientational ordering of finite length 
chain molecules which are long enough to be flexible in 
the isotropic state, but not sufficiently long to be 
described by the Gaussian chain model of high molec- 
ular weight polymers. The theory should be able to 
predict how chain length and flexibility affect the 
thermodynamic parameters (e.g., temperature) of the 
ordering transtion and how the conformation of the 
chain is affected by the thermodynamic state of the 
system. The construction of such a model is the goal of 
the present work. 

In section 2 we present the wormlike chain Hamil- 
tonian, introduce the Maier-Saupe-type interaction 
Hamiltonian which incorporates both athermal (excluded- 
volume) and thermotropic contributions, define the 
nematic order parameter, and express the interaction 
free energy as a functional of a tensor field which 
contains information about the partial density of labeled 
monomers. In section 3 we derive a general expression 
for the total thermodynamic free energy of a system of 
interacting persistent chains of arbitrary length and 
show how it can be calculated self-consistently by 
evaluating the functional integrals in the steepest 
descent approximation. In section 4 we express the total 
thermodynamic free energy of the spatially homoge- 
neous &e., isotropic and nematic) phases as the sum of 
interaction, translational entropy, and conformational 
contributions and calculate the latter by the steepest 
descent method (Le., obtain the conformational free 
energy of a chain in a self-consistent potential field). 
We derive the mean-field equations from which the 
thermodynamic parameters of the isotropic-nematic 
transition (nematic order parameter, critical density, 
and transition temperature) are calculated numerically 
for chains of arbitrary length and flexibility. We show 
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that while the order parameter and the critical density 
decrease rapidly with chain length and tend to the long 
chain limit for chains of order of the persistence length, 
the critical temperature increases with molecular weight 
and approaches the asymptotic limit at much larger 
chain length ratios. Finally, in section 6 we present the 
analysis of the conformation of a long persistent chain 
in a quadrupolar field (e.g., in a nematic environment). 
We show that the presence of the external field produces 
two different correlation lengths, transverse and longi- 
tudinal. The transverse correlation length characterizes 
the linear size of chain segments that behave effectively 
as rigid rods which fluctuate in a small angular interval 
about the field direction. This length defines the 
number of independent rotational modes per chain and 
decreases with the strength of the applied field (the 
number of such modes increases with the field!). We 
discuss the geometry and the probability of abrupt 
reversals in the direction of the chain (hairpins) and find 
that the characteristic size of a hairpin is of the order 
of the transverse persistence length. The average 
distance between hairpins introduces a new length scale 
into the problem-the longitudinal correlation length. 
This length increases rapidly with the external field and 
leads to complete stretching of the chain in the strong 
field limit. 

2. Hamiltonian of Interacting Wormlike Chains 
Consider a system of semiflexible polymers of length 

L and diameter d. The single-chain Hamiltonian which 
governs the conformation of a wormlike chain r(s) (0 < 
s < L) ,  is given by the expression:1° 
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Taking into account the attractive interactions be- 
tween nonbonded monomers, we arrive at the following 
interaction Hamiltonian: 

p t )  
- -- 

T 

2, at,  2 p0' = j L  -( -) ds 
0 2 as 

Here t, = (&/as) is a unit tangent vector. The parameter 
?, represents the effective rigidity of the chain, i.e. the 
energy penalty for bending. The rigidity parameter is 
directly related to the statistical segment length (per- 
sistence length): I, = 2?,/T. In the general case, 1, is 
not assumed to be uniform along the chain and can be 
different for different segments as, for example, in the 
case of a heteropolymer. 

We will not restrict ourselves to the temperature 
dependence of the persistence length 1 = const/T given 
by the Kratky-Porod model. In general, it is some 
arbitrary function of temperature which can be ex- 
tracted from experimental measurements of the gyra- 
tion radius of the polymer in the isotropic phase. For 
example, if the flexibility of the chain is due to gauche- 
trans rotations of molecular bonds, the length of the 
statistical segment is proportional to the corresponding 
Boltzmann factor: 1 = lo  exp(A/D, where A is the energy 
difference between gauche and trans states. 

Consider the case of strong nematic interaction 
between the molecules that corresponds to the limit in 
which the persistence length considerably exceeds the 
typical hard core diameter of the chains: d << 1. At low 
concentra t ions  this leads to the Onsager form of the 
excluded-volume interaction between two semiflexible 
chains a and p: 

Here sin 6% = [t, x tp,,] is the sine of the angle 
between monomers s and s' on chains a and p, respec- 
tively. 

where the angle-dependent interaction potential be- 
tween the monomers is 

Let us first consider the case of isotropic attractions. 
Within the assumption that the attractive interaction 
between the monomers is of the van der Waals type, 
~2 - (a, - a) (a,, - a), where a, and represent the 
polarizabilities of the sth chain monomer and of the 
solvent, respectively, and therefore, ~2 = JG. The 
condition that the average second virial coefficient for 
infinitely long homopolymers must vanish at the O-tem- 
perature leads to the following expression for x,,': 

Here K is some function of the relative angle between 
the two monomers, that satisfies ( K )  = 1, and 0, is the 
@temperature of a reference homopolymer which is 
composed of monomers identical to the sth one. 

The anisotropic potential (4) can be expanded in terms 
of the spherical functions: 

V,J 1 sin @''I = 

ct! + e!P2(c0s e"") + c!P,(cos e"") + ... ( 6 )  

We will keep only the first two terms in the Legendre 
expansion of the interaction potential. This corresponds 
to the Maier-Saupe approach, which is essentially a 
Landau-type expansion valid for moderate values of the 
nematic order parameter r. 

The resulting interaction Hamiltonian is identical to 
that of Gupta and Edwards7 

where us,' and wss! are interaction parameters which 
contain both athermal and thermotropic contributions. 
Using (4) they can be expressed in terms of the typical 
hard-core diameter d and the @-temperatures for the 
corresponding reference polymers: 

JO,O,, 
us,. - 1 + 3d( 8 T (9) 

The parameter m - 1 determines the strength of the 
thermotropic contribution to the anisotropic interaction. 
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It is convenient to introduce a tensor field &(r), which 
describes both nematic order in the system and its 
possible spatially nonuniform properties, with compo- 
nents: 

(10) 

Recall that in the Gaussian model of polymer chains, 
6Jr) can be interpreted as the stress tensor which 
describes the contribution of the sth monomers to the 
local stress at point r (this interpretation is not valid 
in general and can not be applied to the present case). 
The trace of this tensor, ps(r) = <(r), represents the 
density of the sth monomers at a given point r. The 
total monomer density is given by the integral of ps over 
all s: 

The tensor 6Jr) contains information both about the 
spatial distribution of total density and about the local 
composition, i.e., the partial density of the sth mono- 
mers. Note that the monomer density introduced in (11) 
has the dimension of length-2 and is the measure of the 
total length of the chains in some region of space per 
its volume. 

In the cylindrically-symmetric case, the eigenvalues 
of 6,,(r) are a,ll(r) and asi(r) (the latter are doubly- 
degenerate). This allows one to  express the local 
nematic order parameter in terms of 6,(r): 

hL ds (asll(r) - usL(r)) 

p ( r )  
q(r)= (12) 

Moreover, &(r) contains also the information about the 
nematic ordering of the sth monomer units: 

(13) 

We can represent the interaction Hamiltonian (7) as 
a local functional of the field &(r): 

where 

and 

Since the Maier-Saupe approach gives the correct 
qualitative features of the isotropic to nematic transition 
in dense thermotropic systems, we proceed to generalize 
the Gupta-Edwards interaction Hamiltonian (7) and 
(14) to the dense case. Assuming that the correlation 
length associated with all excluded-volume and soft 
potential interactions is considerably smaller than the 
persistence length, the interaction part of the free 
energy of the system can be written as an integral over 
the space of the system, of a local free energy density 
functional flh,(r)l: 

pint) -=- s dr fl6,(r)I 
T 2  (17) 

This functional can be expanded in the vicinity of the 
uniform (we consider the case of a uniform density of 
sth monomers) isotropic state in which e ( r )  = const = 
c@/3 (here c = (8) = (p)/L is the average concentration 
of polymers): 

where 

and where the tensors I?, and Us,, are expansion 
coefficients and de(r) = e(r1 - cdijl3. Since the 
reference state is uniform and isotropic, the most 
general forms of the coefficients are l-Iy = l-I,dg and 
that given by (16) for Us,,. Inserting the above expres- 
sion for l l y  into (Ma) and making use of the fact that 
j d r  66,(r) = 0, the first term in the integral in (18) 
vanishes. Since we can replace 66, by 6, in (18) (up to 
an irrelevant constant), we conclude that the expansion 
of the interaction free energy about the uniform isotropic 
state of a dense system, formally coincides with the two- 
particle interaction Hamiltonian, (14). Although the 
form of the above expansion is identical to that of a virial 
expansion, its derivation did not assume that the 
polymer solution is dilute and, therefore, the results can 
be applied to  dense systems (as long as one does not 
approach the limit of an incompressible close-packed 
liquid, in which the expansion cannot be terminated at 
second order). Note also that the quadrupolar term in 
the angle-dependent potential, (61, gives rise to spinodal 
decomposition of the isotropic phase. Therefore, even 
in the low-density (Onsager) case one can use the 
Maier-Saupe form of interaction for the calculation of 
the stability limit of the isotropic phase. Although the 
Maier-Saupe model cannot be rigorously applied to the 
description of the nematic phase in which the nematic 
order parameter is not necessarily small, we will follow 
Gupta and Edwards and use it in the following. 

3. Free Energy 

The total free energy of the system is defined as a 
functional integral over all possible configurations of 
interacting wormlike chains: 

(19) 

Here N is the total number of chains. Using the results 
of the previous section, this free energy can be expressed 
in terms of &: 
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F = -T In - ~D[ra(s)lD[as(r)l~(t ,2 - 1) x I;! 
d(cf(r) - C (ra(s) - r)) x 

a 
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satisfy the condition of self-consistency (25). Note that 
(24) holds only in equilibrium while (25) is a more 
general relationship. In the Gaussian approach (keep- 
ing only quadratic contr ibut ip  in the deviations from 
the steepest descent value of v ,  in the free energy, (22)], 
the minimization of the free energy with respect to w 
corresponds to the integration over this fictitious field 
in (21). 

For further developments it is convenient t o  subtract 
the spatially nonuniform contribution (6r'(r)) from 
b,(r): 

Using the Fourier representation of the d-function, 
one can introduce the field $, (with components +f) 
conjugate to a,, in order to recast the above free energy 
into the form: 

F =  

(tu2 - 1) x 

In the thermodynamic limit, the free energy is deter- 
mined by the steepest descent estimates of the func- 
tional integrals over the fields +, and 8,. It can be 
represented as a sum of translational entropy, interac- 
tion, and conformational contributions: 

Here Ffcon) is the conformational free energy of a single 
chain in the presence of an external tensor field ily, 
which represents the interaction of a probe chain with 
its neighbors: 

ficon) = -T ln{ JD[r,ld(t? - 1) exp ( - J L ( " . . 2  -& + 

ivy (r,)t;() ds)} (23) 

The free energy F[6,(r),$,(r)] should be minimized 
with respyt to both fields. The conditions (dF/d6) = 0 
and (6F/dv) = 0 result in the following expressions for 
v and 6: 

$,(r) = -i hL UsS,6,,(r) ds' (24) 

(25) 

The physical meaning of both relationships i: as 
follows. (24) shows how the orientational field I) is 
related to the presence and ordering of different mono- 
mer units at a given point r. The field 6 parameterizes 
the monomer composition and orientation and must 

&,(r) = 6:' + tf'(r) (26) 

dr  = 0. One can expand the total free Here 1 
energy in terms of a:'(r): 

F = fi0)[6:'] + dF[6y)(r);6:)] (27) 

Po) determines the thermodynamics of spatially homo- 
geneous phases and provides an adequate description 
of the isotropic-nematic transition (since the distribu- 
tion of the sth monomers is spatially homogeneous in 
both phases). If one is interested in spatially modulated 
phases (such as the smectic or the crystalline phases), 
one has to  include the contribution of 6F. In the case 
of stiff molecules, one can obtain an alternative molec- 
ular theory for both smectic and nematic behavior of 
thermotropic liquid crystals. Note that while the Mc- 
Millan theory of smecticsll introduces an ad hoc non- 
local effective potential, our modification of Gupta- 
Edwards theory is sensitive to the internal structure of 
the molecules and the effective interaction between the 
chain molecules arises in a natural way from the local 
interaction between their segments. 

4. Isotropic-Nematic Transition 
Using the results of the preceding section, one can 

show that the free energy of a system of interacting 
wormlike chains of length L is given by 

cfiCon' ($:'I (28) 

Here $:" is related to 6:' by (24) and c = N / V  = (p)/L 
is the average concentration of chains. 

4.1. Conformational Free Energy. We proceed to 
simplify the expression for the conformational free 
energy, (23). The 8-function is eliminated by the 
introduction of a new scalar field A,: 

where 

In order to  carry out the functional integration over 
t, (0 < s < L) ,  we introduce the Fourier transform of its 
symmetric extension into the range -L < s < L: 
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flCon) = -T ln{fdA(,, n dt,,, x 
n=O 

nns 1 +- 

m 

n=O 

In this way we avoid the unphysical restriction to = tL 
which follows from the condition of periodicity of a direct 
Fourier expansion of the function t, in the interval 0 < 
s < L. 

The conformational free energy in the Fourier repre- 
sentation is given by 

Here 

1 L  nns 
L O  L 

= - f 1, cos - ds 

and 

nns 
L 

(32) 

(33) 

(34) 

The index Y parameterizes the eigenvalues of $p’. We 
assume that the directions of its eigenvectors are 
independent of s, consistent with the cylindrical sym- 
metry of the final solution. 

In what follows we keep only uniform (along the 
contour s) contributions to the fields I,, $Lo’, and A, 
(higher modes can be introduced as perturbations). The 
condition I ,  = l (0 )  = const corresponds to the case of a 
uniform persistent chain. When the interactions be- 
tween the segments are also uniform along the chains, 
the interaction parameters w,,’ and usst are constant (i.e., 
independent of s and s’) and we obtain 

In principle, the higher modes of the field ,I are 
important for the analysis of the nematic ordering of 
definite parts of the chains or of the orientational 
correlations between them. As long as one is interested 
only in the thermodynamic analysis of the phase transi- 
tion, it is sufficient to keep only (this is equivalent 
to replacing t2 = 1 with the mean spherical approxima- 
tion (t2), = 1, where ( ), denotes averaging over the chain 
contour): 

i L A , O 1 ] ] ]  = - ln[fflz)ek &I + const (36) 

where we define [ 4L11, @’ = iL.yjroj, z = &$, and 

Note that the Gaussian integration in (36) is well- 
defined only for Re (@ + iz) > 0, i.e., Im z < min @’. 

In order to perform the summation in (37) we intro- 
duce the following transformations: 

1 +- 

n = l  

In + const (38) 
n& 

A straightforward calculation yields 

peon) = 

const (39) 

where 

19 < min 4” 
Both the single-chain and the interaction parts of the 

initial Hamiltonian possess cylindrical symmetry. As 
there is no physical reason to break this symmetry in 
the final solution, one can introduce the average nematic 
order parameter q = (l/(p)).#(u~~’ - o:?) ds and the 
conjugate parameter y $1 - 61. After the transforma- 
tion iz + 61 = iz‘, the conformational free energy (39) 
can be expressed as 

P O ” )  = + F ( y )  (40) 

where 

($““- 4m-z )} (41) 
sinh v‘&? sinh 4- 

4.2. Isotropic-Nematic Transition. The total free 
energy, (28), can be written as the following function of 
Y: 
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In deriving the above expression, we used the relation- 
ship between the parameters y and 7 which follows from 
(35) 

Y = UL(P)rl (43) 

The minimization of the free energy with respect to y 
yields the self-consistency relation which corresponds 
to (25): 

(44) 

In the limit of stiff (or short) rods when 5 << 1, (41) 
becomes 

In this limit, (44) gives the well-known self-consistency 
relation of the Maier-Saupe theory: 

J cos2 6 exp ( y  cos2 6 )  dQ - (46) 
J exp(y cos2 6 )  dQ 3 

This theory predicts an isotropic-nematic phase transi- 
tion with parameters uL2c = 7 and 7 = 0.42. 

In the opposite case of chains much longer than the 
persistence length, 5 >> 1, one can perform the steepest 
descent calculation in (41) and obtain 

& (47) -- - -iz - y + &TG)+T F(y)Zz) 
T 

where z is defined by the steepest descent condition 

(44) and (48) give the following system of equations 

(49) 

This yields the Gupta-Edwards self-consistent equa- 
tion: 

according to which the transition takes place at lu(p) = 
12. The order parameter at the point of the phase 
transition, 7 = 0.25, is considerably lower than the 
corresponding parameter for a system of stiff rods. A 

0.10 I I 
0.0 2.0 4.0 6.0 8.0 10.0 

L/I 
Figure 1. Nematic order parameter at the point of isotropic- 
nematic phase transition plotted as a function of molecular 
weight. The dashed line shows the order parameter at the 
spinodal of the nematic phase. 

0.0 I I 
0.0 2.0 4.0 6.0 8.0 

UI 
Figure 2. Dependence of the reduced critical density plp, on 
the molecular weight. The dashed line corresponds to the 
spinodal of the nematic phase. 

similar trend for the chain-length dependence of the 
nematic order parameter at the transition point was 
found for polymeric liquid crystals with Onsager inter- 
actiom2 The physical reason for the above difference 
will be discussed in a subsequent section. 

Analysis of (41) shows that the crossover between the 
above limiting regimes is determined by the parameter 
6 = ( 2 L I l ) J m .  It can be shown that the chain 
can be considered as a stiff rod if it is shorter than some 
characteristic length 

which decreases with increasing 7. This scale is smaller 
than the bare persistence length 2 and its physical 
meaning will be discussed in the next section. 

The numerical evaluation of the free energy (42) 
allows one to obtain the thermodynamic parameters of 
the phase transition for any chain length L. The 
dependence of the order parameter 7 and of the reduced 
critical density pip, on the molecular weight LIZ is 
shown in Figures 1 and 2 (the solid and the dashed line 
correspond to the coexistence curve and to the spinodal, 
respectively). Note that the crossover between the two 
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The free energy of the chain in a constant (cylindri- 
cally-symmetric) quadrupolar field with strength char- 
acterized by the parameter Q, is given by 

040 
0 0  5 0  10 0 15 0 

WTm) 
Figure 3. Reduced transition temperature TIT,  as a function 
of reduced molecular weight Lll(TJ.  The solid line corre- 
sponds the rotational isomer state model of chain rigidity with 
U T ,  = 1. The experimental points show the observed depen- 
dence of the crystallization temperature of normal alkanes on 
the molecular weight. 

limiting values of the order parameter takes place at 
small values of this parameter (L /1  5 11, i.e., for chain 
lengths smaller than the persistence length. While the 
Gupta-Edwards approach gives a better quantitative 
fit to the exact curve for the order parameter than the 
Landau-de Gennes expansion,13 it misses an interest- 
ing universal feature of such curves which was found 
both analytically13J4 and numerically,15 in different 
liquid crystalline polymeric systems. The above authors 
observed that the critical order parameter depends 
nonmonotonically on the molecular weight, reaching its 
minimum at a finite chain length. For longer chains 
there is a slight increase of the order parameter to the 
infinite chain value 7 = 0.35, instead of the Gupta- 
Edwards result 7 = 0.25. We will show in the next 
section that the slight increase of the order parameter 
with molecular weight is a chain-end effect, which 
cannot be accounted for by the mean spherical ap- 
proximation used in our derivation. 

The phase behavior of thermotropic polymeric liquid 
crystals is determined by the temperature dependence 
of the persistence length and by the anisotropic part of 
the attractive potential. The dependence of the reduced 
transition temperature T I T ,  (T ,  is the transition tem- 
perature for an infinite chain) on the molecular weight 
(represented by the temperature-independent dimen- 
sionless combination L / l ( T J )  is shown in Figure 3, for 
the rotational isomer state mechanism of chain rigidity, 
with the typical energy parameter for hydrocarbon 
chains, A = 400 K. The anisotropic potential u is 
assumed to be purely athermal, Le., caused by steric 
interactions. The resulting phase diagram in the (T ,  
L )  plane closely resembles the experimental tempera- 
ture versus molecular weight curve for crystallization 
of normal alkanes (see, for example, ref 12). This 
observation suggests that the freezing of semiflexible 
polymers may be initiated by their nematic ordering. 

5. Wormlike Chain in a Quadrupolar Field 

In order to get physical intuition about the results 
obtained in the previous section, we consider the 
behavior of an individual chain in a quadrupolar field 
and calculate the correlation length of the tangent vector 
in the nematic state. 

e)]} (53) 2 

In the limit of a sufficiently strong orienting field, 
fluctuations in the directions normal to  the field are 
suppressed (t12 << 1) and, using the geometrical con- 
straint ti2 + ti? = 1, the free energy can be rewritten 
as 

X 

(54) 

where, in the second line, we expanded the chain 
Hamiltonian to second order in tl. 

5.1. Transverse Correlation Length. In the case 
when the quadrupolar field is a self-consistent field due 
to the nematic environment, we must impose the self- 
consistency condition, Q = 2u(p)q. Using the quadratic 
approximation to the Hamiltonian, (541, we can calcu- 
late the order parameter in the nematic range, down to  
the transition to the isotropic state. In this range, we 
obtain an expression for the second moment (tL2) (for 
the infinite chain case): 

This yields the self-consistency relation: 

q(1 - qY(4 - 9 )  - 1 -- 
27 4WP) 

(56)  

The above result is in good numerical agreement with 
the Gupta-Edwards equation (511, for order parameters 
in the range from 1.0 to 0.25. Plots of q vs Zu(p) 
predicted by the two models are presented in Figure 4. 

In order to use the above model for a more detailed 
analysis of the behavior of a chain in a quadrupolar 
field, we introduce a Fourier transform of the function 
t,, by analogy with (30): 

with 

It follows from (54) that 

Here 1,  v = x ,  y are indices which label the components 
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o.20 Y 1 
0.20 ‘ I 

10.0 20.0 30.0 40.0 50.0 60.0 
UlP 

Figure 4. Dependence of the order parameter in the nematic 
phase on the control parameter ulp predicted by the Gupta- 
Edwards theory (solid line) and by the quadratic approxima- 
tion to the Hamiltonian introduced in the text (dashed line). 

of the 2-dimensional vector tl(n). Away from the ends 
of the chain we get the following expression for the 
above correlator in the s-representation: 

(59) 

where 

1 1  n 

(60) 

Since Q = 2 u ( p ) ~ ,  the correlation length el practically 
coincides with the length 6 (eq 52), which determines 
the crossover between the short and the long chain 
regimes discussed in the previous section. It is consid- 
erably smaller than the persistence length in the 
isotropic phase, 1. Using (551, the expression for EL can 
be recast into the form 

(61) 

Thus, 61 is the characteristic length over which the 
chain changes its orientation by an angle of 
d m ,  which characterizes the typical range of 
angular fluctuations of rods about the nematic director. 
It is also the contour length associated with the appear- 
ance of a twist in a bent chain (a change in the direction 
of tl). We therefore conclude that it is EL rather than 
the larger bare persistence length 1 which determines 
whether a chain of length L behaves as a rigid rod or 
as a semiflexible polymer. Further support for this 
interpretation comes from the Khokhlov-Semenov 
theory14 which predicts a crossover between the classical 
Onsager and the long-chain regimes at L - 0.11. Indeed, 
at q = 0.5 typical for lyotropic liquid crystalline poly- 
mers, (61) gives & - 0.U. 

The above discussion leads to a simple physical 
interpretation of the observation made in the previous 
section, that the order parameter at the point of 
isotropic-nematic transition is considerably higher for 
rodlike molecules than for long persistent chains. In 
the case of stiff rods, the dependence of the orientational 

0.10 L I 
1 .oo 1.02 1.04 1.06 1 .OB 1.10 

X 
Figure 6. Nematic order parameter vs the reduced control 
parameter X -., ulp Ix = 1 at the spinodal of the nematic phase) 
for rigid rods (dashed line), infinite polymers (solid line), and 
finite polymers with LIl = 0.7 (dot-dashed line). 

entropy on the order parameter can be estimated as (for 
11 sufficiently close to unity) 

So, - In 6C2 - ln(1 - r )  (62) 

where 6S2 is a typical solid angle defined by the 
orientational confinement in the nematic state. 

In the case of long wormlike chains, the effective 
correlation length decreases with the order parameter 
as 1 - 7 (see (61)) and, therefore, the number of 
independently rotating segments (rotational degrees of 
freedom) increases with nematic ordering as ( 1  - ~ ) - l .  
The orientational entropy of independently rotating 
segments can be used to estimate the conformational 
entropy of a chain in a nematic environment: 

(63) 

Inspection of (63) shows that the conformational entropy 
of long polymers decreases with the order parameter 
much faster than the orientational entropy of short 
molecules. This results in the observed decrease of the 
critical order parameter with the increase of molecular 
weight. Another corollary of the above effect is depicted 
in Figure 5 which shows that, in the nematic phase, the 
variation of the order parameter 11 with the change of 
the control parameter ulp is stronger for short molecules 
than for long ones. 

The correlation length 61 determines the size of the 
chain region where chain-end effects are significant. To 
analyze the influence of these ends on the nematic 
ordering, we calculate the position-dependent parameter 
( tL th )  in the vicinity of the chain ends (s = 0): 

m 

This prediction is in good agreement with the numer- 
ical results obtained by Chen15 for polymers with 
Onsager interactions. The fact that the typical length 
of the end regions is 61 allows one to understand 
qualitatively the dependence of the critical parameters 
on the chain length (Figures 1 and 2). For L x- 61, the 
two end segments are practically independent of each 
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We proceed to minimize this action with respect to 
the trajectory t, and the length of the “time” interval 
Is1 - 4, with the boundary conditions 8(sl) = 0 and 8(sz) 
= x. Physically, this corresponds to  finding the minimal 
energy cost of creating a hairpin, provided that we are 
allowed to  vary the length of the chain between its ends. 
Note that if the chain segment between the points SI 
and sz is too short, this implies the existence of a sharp 
bend and results in a large bending energy. On the 
other hand, a long segment can have a very gradual 
turn, thus minimizing the bending energy, but as a 
result, a longer portion of the chain will be oriented 
normal to the external field and the interaction energy 
will increase. 

The minimal action is realized for zero initial “mo- 
mentum”, Le., at/& = 0 at s = s1 and s2. Due to “energy” 
conservation this results in the following relationship: 

other and the corrections to the transition parameters 
are proportional to the fraction of the end segments in 
the system: p - p-  - 7 - 7- - 61/15. In this regime the 
system is equivalent to a mixture of chain-end and 
internal segments and, since the ends possess higher 
orientational entropy, the transition to the nematic state 
is determined only by the internal parts of the chain 
molecules. At the point of the phase transition both the 
partial density and the order parameter of the internal 
segments must coincide with those of the infinite chains. 
The presence of the ends gives rise to a positive 
correction to the total critical density and diminishes 
the average order parameter. This explains the obser- 
vation that the exact curve for the order parameter 
versus molecular weight exhibits a slight increase at 
sufficiently high molecular weight. When L - 61, the 
strong correlation between the two ends of a chain 
induces the crossover to the stiff-rod limit. 

5.2. Hairpins and Longitudinal Correlation 
Length. Up to now we discussed the correlations of 
the transverse component of the tangent vector ts. The 
correlations of the longitudinal component have been 
studied by other investigators in the context of 
Uhairpins”.16-18 In order to  complete the physical pic- 
ture of chain conformations in the nematic phase, we 
present a brief discussion of this subject and consider 
the variation of the longitudinal component t l b  across a 
“hairpin”, i.e., between two points at which it changes 
its direction. If the contour distance between these 
points considerably exceeds 61, we can average tis over 
fluctuations on the scale of the correlation length El: 

Here ’& denotes the average over small-scale (-tl) 
fluctuations and ( ) is the usual thermodynamic average. 
The above averaging does not affect the given configu- 
ration of a hairpin. Let N h p  be the number of hairpins 
between two contour points s and s’ for some conforma- 
tion of the polymer. Then 

Suppose that t l k  changes its sign in some interval 
between points s1 and sg. The Hamiltonian of the chain 

gives the energy cost of the given realization t, of the 
hairpin. When this energy is sufficiently high (in units 
of temperature), one can neglect the fluctuations of the 
trajectories near the ((classical” path which minimizes 
the Hamiltonian, (66). In this case, the integrand in 
the above equation can be viewed as the Lagrangian of 
a classical particle on a sphere of unit radius, in the 
presence of the potential W(8) = -(Q/2) sin2 8, provided 
that one interprets the variable s as “time”, and E as 
the “mass” of the particle. The conserved “energy” of 
the particle is given by the sum of the “kinetic energy” 
(1/4)(8tt$t3~)~ associated with the bending of the chain and 
the “potential energy” W(0) due to its interaction with 
the external field. Note that an energy barrier turns 
into a potential well in this picture and, therefore, the 
Hamiltonian hl2 can be interpreted as an effective 
“action” of a particle in a potential well. 

Thus 

ds = l&&l (68) 

Substituting (67) and (68) into (66) and taking into 
account (55), we can calculate both the minimal value 
of the action and the optimal length of the “time” 
interval: 

and 

ln(tan 6) = ln(-] 1 (70) 
1 - 7  

Here we introduced a cutoff at small 8, 6 = fi, 
which corresponds to the range of the angular fluctua- 
tions of the persistent segments about the nematic 
director. We conclude that, up to a logarithmic correc- 
tion of order unity, the radius of curvature associated 
with a typical hairpin is of order 61, 

In order to estimate the density of hairpins in a long 
polymer chain, we note that an interval between two 
points on the chain, s and s‘, contains N,,, = Is - s’I/As 
segments of length As. Within the above quasi-classical 
approach (noninteracting hairpins), the probability to 
create a hairpin is P h p  = exp(-h(min)), for every such 
segment of the chain. Hence, for 1s - s’I >> max{k,As}, 
the correlator of the longitudinal components of the 
tangent vector is given by (using (65)) 

1s - S I (  
(tl;) exp/- T\ (71) 

\ 511 J 
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a superimposed random walk in the transverse 
tion: 

a) b) 
Figure 6. Typical conformations of a chain in the nematic 
(a) and isotropic (b) phases. 

where 

611 = AS exp h(min) (72) 

Within logarithmic accuracy this size is given by 

(73) 

We conclude that in the presence of a strong external 
field, (11 which describes the average contour distance 
between neighboring hairpins, is much larger than the 
characteristic size of a hairpin. Note that while the 
result for (1, (611, is model-independent, the expression 
for (11, (73), holds only for a quadrupolar orientational 
field. In a different model, the hairpin energy h(min), 
(69), will be given by some other function which in- 
creases with the field and, correspondingly, with the 
order parameter. 

Summarizing the preceding results, we can identify 
three different behaviors, depending on the length scale 
one is concerned with. On length scales smaller than 
(1, the chain behaves as a rigid rod. On length scales 
larger than (1 but smaller than (11 the chain fluctuates 
about the nematic director but does not reverse its 
direction (i.e., the transverse component of the tangent 
vector is everywhere much smaller than the longitudinal 
component). Finally, on length scales much larger than 
(11, one observes abrupt reversals of the chain direction, 
separated on the average by a contour distance (11. “his 
should be contrasted with the isotropic situation (in the 
absence of an external field), where there is a single 
persistent length 1 (see Figure 6). 

Note that the transverse (59) and the longitudinal (71) 
correlators can be represented in the following unified 
form (e is a unit vector along the nematic director): 

(6, - eid) 
3 (tft$) = 

We now calculate the mean square spatial distance 
between points separated by contour length L >* 61: 

For the intermediate range of chain lengths, << L 
<< (11, this form leads to a stretched conformation, with 
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direc- 

(76) 

(77) 

In the limit L * (11 there is an anisotropic random walk, 
which is equivalent to the conformation of a strongly 
stretched Gaussian chain: 

(78) 

“he above results appear to suggest that very long 
chains, for which the distance between neighboring 
hairins is smaller than the contour length, should be 
described by (79) and therefore, cannot be fully stretched 
((AR2)~ L2) by the application of an external field of 
arbitrary strength! Note, however, that since (11 di- 
verges when 7 - 1 (eq 731, for any chain of arbitrarily 
large (but fixed) molecular weight, there is always a 
critical value of the external field for which (11 = L and, 
for stronger external fields, one should use (77) which 
predicts full stretching (this problem was discussed in 
ref 19). 

“he ratio (AR12)r/(AR12)~ characterizes the anisotropy 
of the chain’s conformation. Our calculation predicts 
the following behavior of this parameter in different 
regimes: 

This dependence is in good agreement with numerical 
results of Chen.20 

6. Conclusion 
We have extended the Gupta-Edwards theory of 

infinite main-chain nematics to the case of finite-length 
polymers. Our calculations show that the crossover 
between long- and short-chain regimes takes place for 
polymers of relatively low molecular weight, the length 
of which is smaller than the bare persistence length 
(note, however, that the chain length dependence of the 
transition temperature persists for much larger values 
of LIZ). A more detailed analysis of the single chain 
behavior in the nematic phase allows one to identify. this 
characteristic chain length with the correlation length 
of the transverse component of the tangent vector, (1. 

Upon the transition to the nematic phase, the bare 
persistence length of a wormlike chain splits into two 
qualitatively different length scales. One scale, El, 
defines the contour length associated with independent 
fluctuations of chain segments about the nematic direc- 
tor. It also controls the size of the regions where chain 
end effects are relevant and determines the crossover 
between the long-chain and short-chain regimes of the 
isotropic-nematic phase transition. 

Another scale, 611, is related to the typical contour 
distance between neighborng “hairpins”; i.e., it deter- 
mines the correlation length of the longitudinal compo- 
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effects will not be present in the case of low molecular 
weight liquids in which internal degrees of freedom 
cannot be thermally excited and which undergo a direct 
liquid to crystal transition due to a density modulation- 
type instability. 

Finally, we would like to  mention that although the 
analysis presented in this work deals with spatially 
homogeneous phases, the underlying formalism allows 
one to describe transitions to spatially nonuniform 
states. Work is in progress on the application of the 
theory to the nematic-smectic transition in liquid 
crystalline polymers and to microphase separation in 
semiflexible copolymers. 
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